Abstract. In a closed, unisexual, age-structured population with age-specific birth and death rates which are constant in time, the vector describing a census by age categories will, as time increases, approach proportionality to the stable age structure implied by th~ vital rates. This stable age structure is the dominant eigenvector of a demographic projection matrix which carries out the action on a census vector of the age-specific vital rates. We show that the elementwise convergence to zero of the discounted deviations from the stable age structure is complete and exponential. The sum, over all time, of the signed discounted deviations may be easily calculated from a fundamental matrix based on the projection matrix. These results are proved for any primitive nonnegative· square matrix. In the demographic context, these results suggest alternatives to an index which has been used to measure the distance from an observed to a stable age structure.
Introduction and results.
The theory of stable populations considers closed, unisexual, age-structured populations. Individuals are subject to birth and death rates which depend on age and are constant in time (Keyfitz [8] , Coale [2] ). Suppose time and age are measured in the same discrete unit. Let K be a census vector, that is, a nonnegative, nonzero column n-vector giving the number of individuals in each of n age classes at the present time, taken as t = 0. Let M be an n x n projection matrix. The i, jth element of M measures the contribution to age class i at time t + 1 of one individual in age class j at timet. We assume only that M is nonnegative and primitive (i.e. that every element of M' is positive, for some t). These assumptions hold for at least every observed human population if age classes beyond the last age of reproduction are excluded. It is a well-known consequence of the Perron-Frobenius theorem that M has a simple real root (eigenvalue) A with modulus larger than the modulus of every other root and that (1) lim A -tMt = B
t-+00
where B is a finite positive n x n matrix. Consequently if is the result of projecting the census vector K forward t time units via M, then, as the strong ergodic theorem of demography observes,
The zero on the right of (3) is ann-vector with each element zero. Let the sum of the first t terms of the sequence on the left of (3) be We shall show that the terms in (3) approach 0 so rapidly that the sequence of sums in ( 4) approaches a finite limit as t...,. oo. This limit may be calculated directly:
We shall prove that Z exists and satisfies (5) . Moreover, the total number of individuals in age class i at time i resulting from an initial population consisting of only one individual in age class j ·and no others at time 0 is M~;>. the i,jth element of M', i, j = 1, · · · , n, and
lim L L A -mM~:>-t = L7~1 Z;; -1.
t-+OO i=l m=O
Here Z;; is the ith diagonal element of Z.
In the sequence of n-vectors in the brackets on the left of (3) , the ith element may be sometimes positive, sometimes negative. Hence in the sums (4), the ith element may be the sum of positive and negative terms. The finiteness of the limiting sum does not depend on any cancellation of positive and negative terms. Specifically, let
where IMm K -BK I is an n -vector in which the ith element is the absolute value of the ith element of then-vector MmK-BK. We shall show that (9) .lim R,(M, K)<oo. r-.oo
The limit in (9) , and hence in (5), is approached exponentially fast. We know no simple exact expression for this limit, unlike the limit in (5) . If (10) is the age structure associated with the census vector K, the observations (5) and (9) suggest that lim S,(M, k) and lim R,(M, k) provide natural scale-invariant vector measures of the cumulative distance from the age structure k of the census K to the stable age structure associated with M.
In the next section of this note, we verify the limits (5) and (9) with a numerical example. Based on these limits, we propose indexes to measure the departure of an observed from a stable age structure. We compare numerically the behavior of these indexes with that of an index of dissimilarity~ used by Keyfitz [8, p. 4 7] and Keyfitz and Flieger [9] as a measure of the departure of an observed from a stable age structure.
The final section of this note proves the properties of Z claimed in (5), (6), (7), the inequality (9), and some additional properties for nonnegative primitive matrices generally, without restriction to the form of population projection matrices. Direct computation from (4) and (8) gives S,(M, K) and R,(M, K) for t = 1, 2, · · ·, 18 (fable 1). S,(M, K) shows a rapid damped oscillatory convergence to the limit (Z-B)K, which coincides with S16 (M, K) to the accuracy shown.
We now consider these limits as a basis for measures of the distance between an observed age structure k and its stable limit k*.
In a series of papers starting in 1955, 0. Dudley Duncan and Beverly Duncan introduced into demography an index of dissimilarity a to measure the difference between two age structures k and k'. k and k' are nonnegative vectors, the elements of each of which sum to 1. a is the sum of the positive differences of the percentages in each age class, which is equivalent to n (13) a=(100/2) I lki-k;J. i=l This index was extensively used in studies of demographic segregation. For references to primary sources and applications, see Shryock and Siegel [12, I: 179, 232-233, 262 ]. Except for the factor 100 which converts from fractions to percentages, this index of dissimilarity is standard in probability theory as a measure of the difference between two probability measures (Loeve [10, p. 367] The arbitrary numerical constant 50 is introduced solely in order to adjust these two indexes to a magnitude close to that of a. a measures the distance from k to k* as the demographic crow flies, without regard to the trajectory of age structures through which the population must pass as it approaches stability. Thus for a given k and k*, a would be the same regardless of the projection matrix, as long as the projection matrix had the same stable age structure k*. D 1 and D 2 are more like charts of the highway mileage or travel time between k and k* since they cumulate over all time, with appropriate discounting, the signed or absolute discrepancies between K(t) and the stable population. We suggest that for some purposes D 1 and D 2 may be demographically more meaningful indexes than a. D 1 and D 2 appear to depend on the number n of age classes. For certain applications, such as comparisons across species, it might be desirable in the future to develop measures independent of n. 
The proof repeats the proof of Theorem 4.3.1 of Kemeny and Snell [7, p. 75 ] step for step, with A -1 T replacing their stochastic matrix P.
To obtain (5) from Theorem 1, subtract B from both sides of (16) and multiply both sides on the right by K.
By analogy with the convention in the theory of Markov chains, we call Z the fundamental matrix of the primitive matrix T. Z has properties which may prove useful. [7] , when A -1 Tis not a stochastic matrix, the row sums of Z are not in general 1, as the example of Z in (12) shows.
If Tis of rank 1, then Z =I. The proof is that if Tis primitive and of rank 1 with positive eigenvector x corresponding to A, then for some positive n -vector y, T = xy r.
Then AB=BT=(xwT)(xyT)=x(wTx)yT=T, which implies
Recall that the trace of a matrix is the sum of the elements on its main diagonal.
Thus trace (B)= 1. Let T~j> be the i, jth element of Tm. Birkhoff [1, Chap. 16] proved that the limiting eigenvector is approached exponentially fast in the Hilbert projective pseudo-metric under the action of a positive matrix. He also gave (his Corollary 2, p. 385) an explicit upper bound for IAh I/ A, h ~ 2. Golubitsky, Keeler and Rothschild [4] and Hajnal [5] greatly extended the conditions under which exponential convergence in the projective pseudo-metric holds. Theorem 4 and (9) prove complete exponential convergence of the absolute differences elementwise, rather than of the Hilbert projective pseudo-metric.
